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1 Future Extensions

1.1 Adapting to the Probe Set by Linear Regression

The distribution of the training set which gave us M is different from that for
the probe set, which is in fact the same distribution as for the qualifying set.
Thus it is important to adapt the prediction for the probe set.

Here we use the notion that the full training set is used to construct rep-
resentations U and V for the users and movies respectively; then using these
representations to learn about the probe set using linear regression. We will
keep the variational Bayesian formalism, treating uncertainty in U , V and the
linear regression weights λ properly.

For each (ij) in the probe set, we model mij as:

p(mij |U, V, λ) =
1√
2πξ2

exp
(
−1

2
(mij − u>i vj − λ>(ui ⊗ vj))2

ξ2

)
(1)

That is, the major predictor for mij is still the usual u>i vj , but we have a
variation term λ>(ui ⊗ vj) that is specific to the probe set. In other words,
instead of modelling M ≈ U>V , we model M ≈ U>V + U>ΛV , where Λ is a
n×n matrix with rows given by consecutive series of n entries in λ (conversely, λ
is Λ row vectorized, i.e. λ> is formed by first concatenating rows of Λ together.
We write λ = rvec[Λ]).

We give a prior for λ where each entry is independent and is a Gaussian
with zero mean and variance ω2. The prior term is:

p(λ) =
n2∏
l=1

1√
2πω2

exp
(
−1

2
λ2

l

ω2

)
(2)

Now we keep the variational posterior for U and V fixed, and make the
assumption that λ is independent from U and V in the posterior. To now get
Q(λ), we collect appropriate terms and take expectations with respect to Q(U)
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and Q(V ). The appropriate terms are:

− 1
2

λ>λ

ω2
+

∑
(ij)

(mij − u>i vj − λ>(ui ⊗ vj))2

ξ2


where (ij) now ranges only over the probe set. The above is, up to additive
factors constant in λ,

=− 1
2

λ>λ

ω2
+

∑
(ij)

λ>(ui ⊗ vj)(ui ⊗ vj)>λ− 2λ>(mij − u>i vj)(ui ⊗ vj)
ξ2


=− 1

2

λ>λ

ω2
+

∑
(ij)

λ>(uiu
>
i ⊗ vjv

>
j )λ− 2λ>(mij(ui ⊗ vj)− rvec[uiu

>
i vjv

>
j ])

ξ2


(3)

Thus we have that Q(λ) is Gaussian with covariance and mean given by:

Ξ =




1
ω2 0

. . .
0 1

ω2

 +
∑
(ij)

EQ(U)[uiu
>
i ]⊗ EQ(V )[vjv

>
j ]

ξ2


−1

=




1
ω2 0

. . .
0 1

ω2

 +
∑
(ij)

(Φi + uiui
>)⊗ (Ψj + vjvj

>)
ξ2


−1

(4)

λ = Ξ

∑
(ij)

mij(EQ(U)[ui]⊗ EQ(V )[vj ])− rvec[EQ(U)[uiu
>
i ]EQ(V )[vjv

>
j ]]

ξ2


= Ξ

∑
(ij)

mij(ui ⊗ vj)− rvec[(Φi + uiui
>)(Ψi + vjvj

>)]
ξ2

 (5)

Finally, we can also update the variances as:

ω2 =
1

n2 − 1

n2∑
l=1

Ξll + λl
>

(6)

ξ2 =
1

Kp − 1

∑
(ij)

m2
ij + Tr[(Φi + uiui

>)(Ψj + vjvj
>)] + Tr[(Ξ + λλ

>
)((Φi + uiui

>)⊗ (Ψj + vjvj
>))]

− 2mijuivj
> − 2mijλ

>
(ui ⊗ vj)) + 2λ

>
rvec[(Φi + uiui

>)(Ψi + vjvj
>)]

(7)

where Kp is the number of entries in the probe set.
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1.2 Variational Linear Regression

The idea is to perform linear regression to learn the weights of a feature matrix.
In addition, we address user-specific weights.

Assume mij ∼ N (uiv
T
j + wT fij + uiZgij , τ

2), where ui is a 1× n vector, vj

is a 1× n vector, w is a F × 1 vector, fij is a F × 1 vector, Z is a n×F matrix
and gij is a F × 1 vector.

We also assume that
uil ∼ N (0, σ2

l ),
vjl ∼ N (0, ρ2

l ),
wm ∼ N (0, θ2),
zlm ∼ N (0, ξ2

l )
Furthermore, U, V,W and Z are assumed to be independent in the posterior

Q(U, V,W, Z) = Q(U)Q(V )Q(W )Q(Z). The variational free energy is given by

F(Q(U, V, W, Z)) = EQ(U,V,W,Z)[log p(M, U, V, W, Z)− log Q(U, V, W, Z)]

= −K

2
log(2πτ)− I

2

nX
l=1

log(2πσl)−
J

2

nX
l=1

log(2πρl)

−F

2
log(2πθ)− F

2

nX
l=1

log(2πξl)−
1

2

FX
m=1

EQ(W )[w
2
m]

θ2

−1

2

nX
l=1

" PI
i=1 EQ(U)[u

2
il]

σ2
l

+

PJ
j=1 EQ(V )[v

2
jl]

ρ2
l

#

−1

2

nX
l=1

" PF
m=1 EQ(Z)[z

2
lm]

ξ2
l

#

−1

2

X
(ij)

EQ(U,V,W,Z)[(mij − uiv
T
j − wT fij − uiZgij)

2]

τ2

−log Q(U)− log Q(V )− log Q(W )− log Q(Z)

Q(U) ∝ exp(−1

2
(

PI
i=1

Pn
l=1

u2
il

σ2 +
P

j∈N(i)

uiEQ(V )[v
T
j vj ]u

T
i − 2mijuiEQ(V )[v

T
j ]

τ2

+
−2mijuiEQ(Z)[Z]gij + 2uiEQ(V )[v

T
j ]EQ(W )[w

T ]fij

τ2

+
2uiEQ(V )[v

T
j ]uiEQ(Z)[Z]gij

τ2

+
2EQ(W )[w

T ]fijuiEQ(Z)[Z]gij + (uiEQ(Z)[Z]gij)
T (uiEQ(Z)[Z]gij)

τ2
))

Φi =




1
σ1

0
. . .

0 1
σn

 +
∑

j∈N(i)

Ψj+vT
j vj+vT

j gT
ijZT +Ξ+ZgijgT

ijZT

τ2


−1
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ui = Φi

(∑
j∈N(i)

mijvj+mij(Zgij)
T−vjwT fij−wT fijZgij

τ2

)
Q(V ) ∝ exp(−1

2
(

PJ
j=1

Pn
l=1

v2
jl

ρ2 +
P

i∈N(j)

vjEQ(U)[u
T
i ui]v

T
j − 2mijv

T
j EQ(u)[u

T
i ]

τ2

+
2EQ(U)[ui]v

T
j EQ(W )[w

T ]fij + 2EQ(U)[ui]v
T
j EQ(Z)[Z]gij

τ2
))

Ψi =




1
ρ1

0
. . .

0 1
ρn

 +
∑

i∈N(j)
Φi+uT

i ui

τ2


−1

vj = Ψj

(∑
i∈N(j)

mijui−uiwT fij−uiZgij

τ2

)

Q(W ) ∝ exp(−1

2
(

FX
m=1

w2
m

θ2
+

X
(ij)

(wT fij)T (wT fij)+2wT fijEQ(U)[ui]EQ(Z)[Z]gij

τ2

− 2mijwT fij+2EQ(U)[ui]EQ(V )[v
T
j ]wT fij

τ2 ))

Ω =
(

1
θ2 +

∑
(ij)

fT
ijfij

τ2

)−1

w = Ω
(∑

(ij)

mijfij−fijuiZgij−uivT
j fij

τ2

)

Q(Z) ∝ exp(−1

2
(

FX
m=1

nX
l=1

z2
lm

ξ2
l

+
X
(ij)

(EQ(U)[ui]Zgij)T (EQ(U)[ui]Zgij)−2mijEQ(U)[ui]Zgij

τ2

+
2EQ(U)[ui]EQ(V )[v

T
j ]EQ(U)[u

T
i ]Zgij+2EQ(W )[w

T ]fijEQ(U)[ui]Zgij

τ2 ))

Ξm =




1
ξ1

0
. . .

0 1
ξn

 +
∑

(ij)

(Φi+uT
i ui)(g

(m)
ij )

2

τ2


−1

zm = Ξm

(∑
(ij)

mijuig
(m)
ij −(Φi+uT

i uivT
j g

(m)
ij −wT fijuig

(m)
ij

τ2

)
where g

(m)
ij represents the m component of the vector gij
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